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Abstract
A systematic construction is given for N=1 open string boundary coupling to Abelian and
non-Abelian Dp-brane worldvolume fields, in general curved backgrounds. The basic in-
gredient is a set of four “boundary vectors” that provide a unified description of boundary
conditions and boundary couplings. We then turn to the problem of apparent inconsis-
tency of non-Abelian worldvolume scalar couplings (obtained by T-duality), with general
covariance. It means that the couplings cannot be obtained from a covariant action by
gauge fixing ordinary general coordinate transformations (GCT). It is shown that the cor-
responding worldsheet theory has the same problem, but is also invariant under certain
matrix-valued coordinate transformations (MCT) that can be used to restore its covari-
ance. The same transformations act on the worldvolume, leading to a covariant action.
Then the non-Abelian Dp-brane action obtained by T-duality corresponds to gauge fixing
the MCT and not GCT, hence the apparent incompatibility with general covariance.
1 Introduction and Summary
The presence of non-Abelian scalar fields on the D-brane worldvolume gives rise to new inter-
actions investigated in [1, 2, 3, 4], that have widely been used since and lead to interesting phe-
nomena. In particular, in [3] the couplings of non-Abelian scalars were obtained by T-dualizing
D9-branes to Dp-branes. While this is a consistent procedure, the resulting worldvolume action
has a puzzling feature, which is that it cannot be obtained from a general covariant action on
fixing a coordinate gauge, e.g., the static gauge. The reason is that some components of the
non-Abelian scalars which appear in a covariant description and are non-zero even in the static
gauge, do not show up in the action. Being matrices, they cannot be gauged away by ordinary
coordinate transformations. This signals an apparent inconsistency of the theory with general
covariance which is not acceptable.
This apparent inconsistency of the non-Abelian worldvolume action with general covariance
cannot be attributed to a shortcoming in the derivation. In fact, it arises within the regime
of validity of the procedure followed in [3]. Thus, while the missing terms needed to restore
compatibility with covariance are easy to guess, we cannot simply introduce them into the
action by hand as that amounts to tampering with the outcome of a consistent calculation.
The resolution of the puzzle then requires understanding the origin of the problem and finding
a mechanism to restore the missing terms.
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To achieve this, we study the string worldsheet boundary coupling to worldvolume fields,
which is the microscopic origin of the worldvolume theory. We obtain the N=1 worldsheet
boundary conditions and boundary couplings to Abelian and non-Abelian worldvolume fields,
and in general backgrounds for general brane embeddings, which so far have not been investi-
gated satisfactorily. The problem is formulated in terms of a set of four “boundary vectors”,
N (X), N (ψ), D(X) and D(ψ), that live on the worldsheet boundary and which have components
tangent and normal to the brane. The boundary conditions follow from setting to zero ap-
propriate projections of the boundary vectors, while the surviving components describe the
coupling of the worldsheet boundary to worldvolume fields. This leads to a natural descrip-
tion of worldsheet boundary couplings, consistent the general covariance, supersymmetry and
T-duality. It is shown that all couplings to worldvolume scalars follow from shifts in the coordi-
nates, appropriately supersymmetrized and with the non-Abelian features taken into account.
The possibility of this interpretation in the supersymmetric theory is intimately related to the
correct handling of the NS-NS 2-form gauge invariance on the boundary. Another feature is
that the gauge field is always shifted by a combination of the scalars and the NS-NS 2-form
field.
Having constructed the boundary action, we study how the boundary coupling to non-
Abelian Dp-brane follows from the D9-brane on T-dualizing. The same procedure was applied
in [3] to the worldvolume theory. The scalar couplings in the worldsheet boundary action
obtained in this way share all features of the corresponding couplings in the worldvolume
theory, including the apparent inconsistency with general covariance. However, the worldsheet
theory also develops a symmetry which resolves the problem: Here covariance can be restored
by the addition of terms that vanish due to the boundary conditions, and hence do not change
the content of the theory. The vanishing terms are also generated by matrix-valued coordinate
transformations. It then follows that the worldvolume theory should have a corresponding
symmetry which involves shifting ordinary coordinates by matrix valued functions. Correctly
implemented, this restores the covariance of the non-Abelian worldvolume action.
The apparent inconsistency of the non-Abelian worldvolume theory [3] with general covari-
ance can now be understood based on the picture that emerges from the worldsheet considera-
tions: I) Besides general coordinate transformations (GCT), the complete worldvolume action
is also invariant under a group of matrix-valued coordinate transformations (MCT). Our world-
sheet considerations probe only a part of the MCT. Some aspects of such transformations have
been postulated and studied in [5, 6] in the worldvolume theory. II) Now, the larger symmetry
allows us to fix a gauge using the MCT. This also fixes the GCT since they both act on the
same objects. III) The Dp-brane action that emerges from T-duality is automatically in such
a gauge which can thus be undone only by an element of MCT and not GCT. Therefore, if the
existence of the MCT is not taken into account, one cannot relate this action to a covariant one
through GCT alone, hence the apparent inconsistency between the two. IV ) The worldsheet
analysis provided us with the right element of MCT to undo the gauge fixing. The admissibility
of this matrix-valued transformations follows from the worldsheet theory and is not obvious
from the known structure of the worldvolume action in [3]. This summarizes the solution to
the problem of covariance of the non-Abelian worldvolume theory.
The paper is organized as follows: In section 2 we introduce a set of four “boundary vectors”
and express the boundary term in the variation of the N=1 supersymmetric worldsheet action
in terms of them. In section 3, we briefly review the basics of the covariant description of
brane geometry, with emphasis on the worldvolume scalars and their structure in the static
2
gauge. We then obtain the covariant form of Dp-brane boundary conditions in terms of the
boundary vectors and examine their consistency with T-duality. In section 4, we construct
worldsheet boundary couplings in terms of the boundary vectors and examine their behaviour
under T-duality. The idea is first implemented in the bosonic theory and then generalized to
N=1 Abelian and non-Abelian cases. The boundary couplings to scalars are interpreted as
appropriate coordinate shifts in all the three cases. This crucially depends on the manifest NS
2-form gauge invariance of the couplings. The behaviour of the boundary action under T-duality
suggests the possibility of coordinate shifts by non-Abelian matrices to restore compatibility
with general covariance. In section 5, we turn to the issue of the compatibility of non-Abelian
scalar couplings with general covariance in the worldvolume theory and its resolution based on
our worldsheet considerations. As a test, the idea is first applied to the Abelian worldvolume
theory and shown to work. We then consider the non-Abelian case and obtain the general
covariant form of the scalar couplings. We also outline the general picture that emerges from
the analysis and which puts our results in perspective. The implication for the formulation of
D-brane interactions in terms of Clifford multiplication is also discussed. The conclusions are
summarized in section 6. Appendix A explains our supersymmetry conventions and Appendix
B contains the index conventions.
2 Boundary Variation and Boundary Vectors
In this section we consider NSR open strings with N=1 worldsheet supersymmetry in general
metric GMN(X) and antisymmetric tensor field BMN(X) backgrounds. The boundary terms
that arise on varying the action are written in terms of a set of “boundary vectors” which
provide a natural realization of supersymmetry. They will play an important role in later
sections.
2.1 Boundary variations
In the absence of boundary interactions, the open string worldsheet action with N=1 super-
symmetry is (see the appendix for conventions),
S =
1
2
∫
Σ
d2σ
∫
dθ+
∫
dθ−EMN(X)D+X
MD−X
N +
i
4
∫
∂Σ
dτBMN(ψ
M
+ ψ
N
+ + ψ
M
− ψ
N
− ) . (1)
Here, X is the N=1 superfield and E = G + B. This form of the action is known to be
correct for constant backgrounds and no further modifications arise in space-time dependent
backgrounds. The added boundary term in (1) has been noted in [8, 9, 10, 11] but its presence
can be argued for on very general grounds: It is needed to cancel a similar term that is hidden
in the superspace part so that, in terms of the component fields, the action S does not contain
boundary terms and has the same form as the closed string action. Such a boundary term,
if present, would have meant that the bulk field BMN couples differently to open and closed
strings, which should not be the case. Then, in terms of component fields and after integrating
out the auxiliary field, one obtains,
S =
1
2
∫
Σ
d2σ
[
∂+X
MEMN∂−X
N + iψM+ GMN∇−ψ
N
+ + iψ
M
− GMN∇+ψ
N
−
+
1
2
ψM+ ψ
N
+ψ
K
−ψ
L
−RMNKL(E)
]
. (2)
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The covariant derivatives are given by ∇±ψN∓ = ∂±ψ
N
∓ + (Γ
N
LK ∓
1
2
HNLK)∂±X
LψK∓ , and
RMNKL(E) is the curvature tensor associated with ∇+.
Boundary terms arise in the variation δS of the action when deriving the equations of
motion, as well as in its supersymmetry variation δsusyS. Both these should vanish by the same
set of boundary conditions. The bulk term in δS yields the equations of motion, hence we
retain only the boundary terms,
δS =
1
2
∫
∂Σ
dτ
[
δXL
(
ELM∂−X
M − ∂+X
MEML + iψ
M
− GMKΩ
K
LN(E)ψ
N
−
−iψM+ GMKΩ
K
LN(E
T )ψN+
)
+ iψM− GMLδψ
L
− − iψ
M
+ GMLδψ
L
+
]
. (3)
Naively one may regard δXL and δψL± as independent variations and set the associated bound-
ary terms to zero separately. For constant backgrounds this will lead to the correct boundary
conditions. For X-dependent backgrounds, this turns out to be inconsistent with both world-
sheet supersymmetry and with T-duality. To get the correct boundary conditions, we reorganize
the terms in δS writing them as a sum of bosonic and fermionic boundary terms, (BBT ) and
(FBT ),
δS =
1
2
∫
∂Σ
dτ
[
(BBT ) + i(FBT )
]
, (4)
where,
(BBT ) = δXL
(
ELM∂−X
M − ETLM∂+X
M
−iψM− ∂MELNψ
N
− + iψ
M
+ ∂ME
T
LNψ
N
+ − iηψ
M
+ ∂LEMNψ
N
−
)
|∂Σ , (5)
(FBT ) = ψM− GMNδψ
N
− − ψ
M
+ GMNδψ
N
+
+δXL
(1
2
[
ψM− ∂LBMNψ
N
− + ψ
M
+ ∂LBMNψ
N
+
]
+ ηψM+ ∂LEMNψ
N
−
)
|∂Σ . (6)
This decomposition may seem arbitrary but in fact it is fixed by worldsheet supersymmetry as
well as by consistency with the constant background case. The parameter η, which is so far
arbitrary (as it cancels between (5) and (6)), will be required to take values ±1. These can be
assigned independently at both ends of the open string, σ = 0, π. From the example of constant
backgrounds we know that if η is assigned the same value at both ends, we are in the Ramond
(R) sector while opposite η assignments at σ = 0 and σ = π lead to the Neveu-Schwarz (NS)
sector.
In general under a supersymmetry transformation the action changes by a boundary term
δsusyS. For boundary conditions to be consistent with N=1 worldsheet supersymmetry, they
should also imply the vanishing of δsusyS. After some manipulations, one finds that the variation
of (1) under a supersymmetry transformation is
δsusyS =
1
2
∫
∂Σ
dτ
[
(BBT ) + (i+ 2)(FBT )
]
. (7)
Here (BBT ) and (FBT ) are still given by (5) and (6) with δX and δψ± replaced by the
corresponding supersymmetry variations δsusyX and δsusyψ± given in the appendix. We have
also assumed that the left and the right supersymmetry transformation parameters are related
by ǫ− = ηǫ+ as follows from restricting to constant backgrounds.
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Comparing this with δS in (4) it is now clear that boundary conditions should set (BBT )
and (FBT ) to zero independently. This is how worldsheet supersymmetry justifies the split in
(4).
2.2 Boundary “vectors”
To develop a systematic description of the boundary conditions and boundary couplings, we
now introduce two bosonic quantities N (X), D(X) and two fermionic ones N
(ψ), D(ψ) that live
on the worldsheet boundary,
N (X)L = ELM∂−X
M − ETLM∂+X
M
−iψM− ∂MELNψ
N
− + iψ
M
+ ∂ME
T
LNψ
N
+ − iηψ
M
+ ∂LEMNψ
N
− |∂Σ , (8)
N (ψ)L = ELNψ
N
− − ηE
T
LNψ
N
+ , |∂Σ , (9)
DL(X) = ∂τX
L |∂Σ , (10)
DL(ψ) = ψ
L
− + ηψ
L
+ |∂Σ . (11)
We will refer to these as “boundary vectors” (even though N (X) is not really a vector under
general coordinate transformations). As the nomenclature (and the form) suggests, they will
be associated with Neumann and Dirichlet boundary conditions.
To convince ourselves that these are the natural objects to work with, we look at the be-
haviour of boundary vectors under supersymmetry. Using the supersymmetry transformations
of XM and ψM± and taking the left and right supersymmetry transformation parameters to be
related by ǫ− = ηǫ+, one can check that the boundary vectors have very simple transformation
properties under the N=1 worldsheet supersymmetry,
δsusyN
(ψ)
M = −iǫ
−N (X)M , δsusyN
(X)
M = −2ǫ
−∂τN
(ψ)
M ,
δsusyD
M
(ψ) = −2iǫ
−DM(X) , δsusyD
M
(X) = −ǫ
−∂τD
M
(ψ) .
(12)
We can now express the boundary term in the variation of the action in terms of the
boundary vectors. Note that under variations δXL and δψL±,
δN (ψ)L = ELNδψ
N
− − ηE
T
LNδψ
N
+ + δX
K
(
∂KELNψ
N
− − η∂KE
T
LNψ
N
+
)
|∂Σ , (13)
δDL(ψ) = δψ
L
− + ηδψ
L
+ |∂Σ . (14)
Then, in terms of the boundary vectors, the expressions (BBT ) (5) and (FBT ) (6) take the
simple forms,
(BBT ) = δXLN (X)L , (15)
(FBT ) =
1
2
DL(ψ)δN
(ψ)
L −
1
2
δDL(ψ)N
(ψ)
L , (16)
and the boundary terms in the variation of the action (4) become
δS =
1
2
∫
∂Σ
dτ
[
δXLN (X)L +
i
2
DL(ψ)δN
(ψ)
L −
i
2
δDL(ψ)N
(ψ)
L
]
. (17)
The boundary conditions now follow in a straightforward way from the requirement that (BBT )
and (FBT ) vanish independently.
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As an example, let us consider the simplest case of D9-branes. For constant backgrounds,
the boundary conditions have been known for a long time [12]. In space-time dependent back-
grounds, the problem was considered in [8]. It was later revisited in [11, 13] where a general
parameterization of the boundary conditions was investigated by studying the classical N=1 su-
perconformal algebra. In our approach, for open strings on a D9-brane, the Neumann boundary
conditions follow directly from the the vanishing of the boundary variation (17) as N (X)L = 0
and N (ψ)L = 0, in agreement with [11]. We write these explicitly for later reference,
ELM∂−X
M−ETLM∂+X
M−iψM− ∂MELNψ
N
−+iψ
M
+ ∂ME
T
LNψ
N
+−iηψ
M
+ ∂LEMNψ
N
− |∂Σ = 0 , (18)
ELNψ
N
− − ηE
T
LNψ
N
+ |∂Σ = 0 . (19)
As usual, the variations δψ±, δX are restricted to the class of functions that satisfy the boundary
conditions so that N (ψ)L = 0 also implies δN
(ψ)
L = 0, leading to δS = 0.
3 Dp-brane Boundary Conditions
We start this section with a brief review of the covariant description of Dp-branes as embedded
submanifolds in space-time. These geometrical notions are used in the rest of the paper. We
then obtain the Dp-brane boundary conditions which take a particularly simple form in terms of
the boundary vectors. The boundary conditions are then shown to be consistent with T-duality.
3.1 Covariant description of Dp-branes
Let coordinates ξα (α = 0, 1, · · · , p) parameterize the Dp-brane worldvolume. The embedding of
the worldvolume as a hypersurface in space-time is then described by the functions XM(ξ). The
metric induced on the worldvolume is gαβ = GMN∂αX
M∂βX
N . The tangent and normal bundles
to the brane are spanned by basis vectors ∂αX
M∂M and a
M
aˆ ∂M , respectively. aˆ = p+1, · · · , 9 is a
flat normal bundle index raised and lowered by the flat metric δaˆbˆ and a
aˆ
Ma
M
bˆ
= δaˆ
bˆ
. Worldvolume
and space-time indices are raised and lowered by the corresponding metrics gαβ and GMN ,
respectively. The orthogonality of tangent and normal vectors implies
aMaˆ GMN∂αX
N = aaˆN∂αX
N = 0 . (20)
The three metrics gαβ, GMN and δaˆbˆ are related via
GMN = aMaˆ δ
aˆbˆaN
bˆ
+ ∂αX
Mgαβ∂βX
N . (21)
Space-time vectors V M and VM have projections along the tangent and normal directions given
by,
Vα = VM∂αX
M , Vaˆ = VMa
M
aˆ ; V
α = V MGMN∂βX
Ngβα , V aˆ = V MaaˆM . (22)
Using these one can verify that all indices can be consistently raised or lowered by the cor-
responding metrics GMN , gαβ and δaˆbˆ. Conversely, a vector V
M on the hypersurface can be
reconstructed in terms of its tangential and normal components,
V M = aMaˆ V
aˆ + ∂αX
MV α , (23)
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similarly, for VM = GMNV
N .
D-branes contain gauge fields and transverse scalars fields living on their worldvolumes.
Since these are vector fields intrinsically tangent (for gauge fields) and normal (for scalars
fields) to the brane, they naturally have components Aα and Φ
aˆ, respectively. However, one
can also work in terms of the corresponding space-time components,
AM = GMN∂αX
NgαβAβ , φ
M = aMaˆ Φ
aˆ . (24)
Equation (20) insures that AM is tangential and φ
M is normal to the D-brane.
When performing T-dualities or computing scattering amplitudes, the manipulations involve
components of A and φ and often one does not directly deal with A and Φ. For this reason
we will use different notations for these intrinsically worldvolume objects and their space-time
projections. Throughout the paper, the indices on these fields and other quantities are raised
and lowered by the corresponding metrics, GMN , gαβ and δaˆbˆ.
D-brane worldvolume actions are often computed in the static gauge to which the above
description can be specialized. In static gauge, the embedding functions XM(ξα) are given by,
Xµ = ξµ (µ = 0, 1, · · · , p) , X i = const (i = p+ 1, · · · , 9). (25)
One can verify from (20) that in this gauge, aaˆµ = 0 and the normal frame is fully spanned by a
aˆ
i .
However, For a general metric GMN , generically all components of a
M
aˆ = G
Miaaˆi are non-zero.
Clearly the choice of static gauge affects only φM but not Φaˆ which contains the actual degrees
of freedom. In particular (24) implies that in the static gauge the only non-zero components
of φM are the φi, while generically, all components of φ
M are non-zero. This simple fact is
important in understanding the covariance of scalar field couplings in D-brane worldvolume
actions and hence is emphasized here. To summarize, in the the static gauge,
aMaˆ = {a
µ
aˆ , a
i
aˆ}
aaˆM = {a
aˆ
µ = 0 , a
aˆ
i }
⇒
φM = {φµ , φi}
φM = {φµ = 0 , φi}
(26)
All this remains unchanged if (25) is slightly generalized to
Xµ = Xµ(ξα) (µ, α = 0, 1, · · · , p) , X i = const (i = p+ 1, · · · , 9). (27)
For us the difference between the two will be immaterial and both will be called the static
gauge.
3.2 Dp-brane boundary conditions
We now turn to Dp-brane boundary conditions implied by the vanishing of (BBT ) and (FBT )
in (15) and (16), first discussing the general covariant case and then going to the static gauge.
Consider the brane embedding XL(ξ). By definition, the boundary of the worldsheet param-
eterized by τ is confined to the brane, XL|∂Σ = X
L(ξ(τ)). As a result, the variations δXL|∂Σ
are entirely tangent to the brane and have no components in directions normal to it. This
is the Dirichlet boundary condition on the bosonic field XL that can be expressed in various
equivalent ways,
Dirichlet : δXL|∂Σ = ∂αX
Lδξα , or aaˆLδX
L|∂Σ = 0 , or a
aˆ
L∂τX
L|∂Σ = 0 . (28)
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Here, the first equation along with (20) implies the second equation and the third follows from
the fact that the worldsheet boundary confined to the brane is parameterized by τ , so that
∂τX
L|∂Σ = ∂αX
L∂τξ
α. Since the δξα are arbitrary, the vanishing of the bosonic boundary term
(BBT ) in (5) or (15) amounts to ∂αX
LN (X)L |∂Σ = 0, which is the bosonic Neumann boundary
conditions for Dp-branes,
Neumann : ∂αX
L
(
ELM∂−X
M − ETLM∂+X
M
−iψM− ∂MELNψ
N
− + iψ
M
+ ∂ME
T
LNψ
N
+ − iηψ
M
+ ∂LEMNψ
N
−
)
|∂Σ = 0 . (29)
To obtain the corresponding fermionic boundary conditions note that the N=1 supersymmetry
variation of XL is δsusyX
L = −(ǫ−ψL− + ǫ
+ψL+). On the boundary, a
aˆ
LδsusyX
L|∂Σ = 0 by (28)
and ǫ+ = ηǫ−, leading to,
Dirichlet : aaˆL (ψ
L
− + ηψ
L
+)|∂Σ = a
aˆ
LD
L
(ψ) = 0 . (30)
Since, by (23), one can alway write DL(ψ) = D
aˆ
(ψ)a
L
aˆ + D
α
(ψ)∂αX
L, then the vanishing of the
fermionic boundary term (FBT ) in (16) only requires the tangential component of N (ψ)L to
vanish, ∂αX
LN (ψ)L |∂Σ = 0. This is the fermionic Neumann boundary condition for Dp-branes,
Neumann : ∂αX
L
(
ELNψ
N
− − ηE
T
LNψ
N
+
)
|∂Σ = 0 . (31)
Equations (28)-(31) complete the Dp-brane boundary conditions with N=1 worldsheet super-
symmetry in general backgrounds and for general embedding.
We summarize the Dp-brane Neumann and Dirichlet boundary conditions in terms of the
boundary vectors (8)-(11),
N (X)α ≡ ∂αX
MN (X)M = 0 , N
(ψ)
α ≡ ∂αX
MN (ψ)M = 0 ,
Daˆ(X) ≡ a
aˆ
MD
M
(X) = 0 , D
aˆ
(ψ) ≡ a
aˆ
MD
M
(ψ) = 0 .
(32)
While the boundary vectors have enabled us to write elegant expressions for the boundary
conditions, their usefulness extends beyond this. We will see in the next sections that the
couplings of open strings to the worldvolume fields are naturally given in terms of the boundary
vector components that are not set to zero by the boundary conditions.
Before proceeding further, we make some observations that contrast and compare boundary
conditions in the N=1 theory to the bosonic theory, or the case with constant backgrounds:
1. Under open-closed string duality (σ ↔ τ accompanied by EMN → −EMN and ψM− →
iψM− , to keep the action invariant), N
(X)
α does not go over to the closed string canonical
momentum Pα. The two differ by terms that are bilinear in worldsheet fermions and are
proportional to ∂LEMN .
2. The “boundary vector” N (X)L does not transform covariantly under space-time general
coordinate transformations due to the non-covariance of its fermionic content (so it is not
really a vector). This is because the structure of N (X)L is constrained by worldsheet su-
persymmetry which combines vectors ψM± with the coordinate X
M in the same superfield.
But the final expressions are always covariant.
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3. Contrary to some statements in the literature, mere consistency of Dp-brane boundary
conditions with N=1 worldsheet supersymmetry does not constrain the background fields
in any way. Such constrains have to come from separate stability considerations and
space-time supersymmetry.
The boundary conditions can now be specialized to the often used case of static gauge. The
resulting expressions will be needed in the remaining sections to understand the relation between
T-duality and covariance of the worldvolume actions. Break up the space-time coordinates XM
into two sets Xµ (for µ = 0, 1, · · · , p) and X i (for i = p+ 1, · · · , 9). In the static gauge, Xµ are
identified with the worldvolume coordinates ξα, Xµ = ξµ and X i = constant. Then from (20)
it follows that in this gauge aaˆµ = 0, so that the local frame orthogonal to the brane is entirely
spanned by aaˆi . Also from (21) it follows that a
i
aˆa
aˆ
j = δ
i
j . Hence the boundary conditions
(28)-(31) reduce to,
Bosons : Di(X) = ∂τX
i|∂Σ = 0 ,
N (X)µ = (EµM∂−X
M − ETµM∂+X
M − i ψM− ∂MEµNψ
N
−
+i ψM+ ∂ME
T
µNψ
N
+ − i ηψ
M
+ ∂µEMNψ
N
− )|∂Σ = 0 ,
Fermions : Di(ψ) =
(
ψi− + ηψ
i
+
)
|∂Σ = 0 ,
N (ψ)µ =
(
EµNψ
N
− − ηE
T
µNψ
N
+
)
|∂Σ = 0 .
(33)
3.3 Consistency with T-duality
T-duality has played an important role in the discovery and understanding of D-branes [14, 15,
16, 17, 18, 3]. This is because, in constant backgrounds, T-duality transformations are known to
interchange D and N boundary conditions thus naturally giving rise to Dp-branes in open string
theory. This is also the case for non-constant backgrounds in the absence of fermions. Naturally,
one expects the same to hold in the more general case of N=1 supersymmetric worldsheet theory
in X-dependent backgrounds. This issue was first addressed in [17, 8], however the problem
has remained unresolved and subsequent work has not shed more light on it. Considering
the otherwise close connection between D-branes and T-duality, this may be regarded as an
unsatisfactory situation. Besides, T-duality has been used to determine non-Abelian scalar
couplings in the worldvolume theory [2, 3]. As we will see later, the behaviour of worldsheet
boundary couplings under T-duality leads to an understanding of these couplings. Motivated by
all this, we now show that the correct boundary conditions obtained in the previous section are
indeed consistent with T-duality in a transparent way1 and also write down the transformation
of the boundary vectors. The results will be used in the following section to construct the open
string boundary couplings to worldvolume fields.
Let us start with a D9-brane in background fields G˜MN and B˜MN which do not depend on
the d = 9 − p coordinates X˜ i, but may depend on the remaining p + 1 coordinates X˜µ. The
Neumann boundary conditions are (18),(19),
E˜LM∂−X˜
M−E˜TLM∂+X˜
M− iψ˜µ−∂µE˜LN ψ˜
N
− + iψ˜
µ
+∂µE˜
T
LN ψ˜
N
+ − iηψ˜
M
+ δ
λ
L∂λE˜MN ψ˜
N
− |∂Σ = 0 ,
E˜LN ψ˜
N
− − ηE˜
T
LN ψ˜
N
+ |∂Σ = 0 . (34)
1The consistency of T-duality with the boundary conditions has also been shown by the authors in [19].
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We now perform T-duality transformations along the d = 9−p directions X˜ i. This should lead
to the correct static gauge boundary conditions (33) for Dp-branes in the T-dual background
GMN , BMN with X
i as the transverse directions.
The effect of the dualities on the boundary vectors can be studied in a systematic way in
terms of the matrices QM∓N and P∓MN defined as,
QM−N =
(
δikEkj δ
ikEkν
0µj δ
µ
ν
)
, QM+N =
(
−δikETkj −δ
ikETkν
0µj δ
µ
ν
)
, (35)
P−MN =
(
δij 0iν
Eµj Eµν
)
, P+MN =
(
−δij 0iν
ETµj E
T
µν
)
, (36)
where, E = G+B and ET = G−B. It can be shown that Q−1± are given by the same expressions
as for Q± but with E replaced by E˜. The T-dual quantities are then related by [20, 21],
E˜ = P−Q
−1
− , E˜
T = P+Q
−1
+ , (37)
ψ˜N± = Q
N
±Lψ
L
± , ∂±X˜
N = QN±L∂±X
L − iψλ±∂λQ
N
±Lψ
L
± . (38)
It is easy to check that the transformation of ∂±X follows from that of ψ± under worldsheet
supersymmetry transformations.
Note the presence of the flat metric δik in Q± (see for example, [22, 23]). Often this is not
explicitly shown when writing the T-duality transformations. But since it will play a role later,
we will briefly describe its origin: T-duality transformations along coordinates X i commute
only with an O(d) subgroup of the general coordinate transformations involving X i. Hence
these O(d) transformations of the original background are identified with those of its dual and
T-duality should explicitly preserve this identification at all stages of the manipulation. To
make this manifest, the T-duality transformation formulae contain the O(d) invariant metric
to raise or lower indices.
Equipped with the above transformation rules, it is easy to show that the D9-brane boundary
conditions (34) lead to the correct Dp-brane boundary conditions under T-duality. For this,
one can first verify that
ψ˜M+ ∂λE˜MN ψ˜
N
− = ψ
M
+ ∂λEMN ψ
N
− . (39)
Then, using (37) and (38) in (34) one obtains,
P−LM∂−X
M − P+LM∂+XM
−iψλ−∂λP−LNψ
N
− + iψ
λ
+∂λP+LNψ
N
+ − iηψ
M
+ δ
λ
L∂λEMNψ
N
− |∂Σ = 0 ,
P−LNψ
N
− − ηP+LNψ
N
+ |∂Σ = 0 .
(40)
Now restricting to L = i and L = µ, respectively, and using the form of the matrices P± in
(36), one recovers the correct static gauge Dp-brane boundary conditions (33). This shows the
consistency of boundary conditions with T-duality.
In fact, one can go beyond boundary conditions and with equal ease obtain the T-duality
action on the boundary vectors (8)-(11) in static gauge. For backgrounds independent of X i
and on using (35)-(38), it is straightforward to show that the boundary vectors transform as,
N˜ (X)µ = N
(X)
µ , N˜
(X)
i = 2δijD
j
(X) , N˜
(ψ)
µ = N
(ψ)
µ , N˜
(ψ)
i = δijD
j
(ψ) ,
D˜µ(X) = D
µ
(X) , D˜
i
(X) =
1
2
δijN (X)j , D˜
µ
(ψ) = D
µ
(ψ) , D˜
i
(ψ) = δ
ijN (ψ)j .
(41)
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4 Worldsheet Boundary Couplings
So far we have only considered open strings in metric and antisymmetric tensor field back-
grounds. In this section we will describe a formalism for coupling the string worldsheet bound-
ary to D-brane worldvolume scalars and gauge fields. To elucidate the idea, we start with
the bosonic case and then move on to the N=1 supersymmetric theory with Abelian and non-
Abelian worldvolume fields. The structure of the boundary couplings and their behaviour under
T-duality points to an enlarged symmetry of the non-Abelian D-brane worldvolume theories
allowing us to obtain a covariant description of the scalar field couplings. In this section, the
worldvolume fields are regarded as perturbations so the boundary conditions obtained earlier
remain unchanged. This allows us to deal with non-Abelian worldvolume fields and obtain the
associated open string vertex operators.
4.1 Worldsheet boundary couplings in bosonic theory
Let us consider the coupling of the bosonic open string to the worldvolume gauge fields AM
and transverse scalars φM . In flat space, GMN = ηMN , BMN = 0, and in the static gauge,
worldvolume fields couple to the worldsheet boundary through,∫
∂Σ
dτAµ∂τX
µ −
∫
∂Σ
dτφi∂σX
i .
The scalar coupling follows from a vertex operator consideration [14, 15] as well as from T-
duality [16]. This expression can be easily generalized to a covariant one valid for curved
D-branes and, for many purposes, is adequate even in the presence of non-trivial backgrounds.
However, generalizations are needed when Bµi 6= 0. To discover the general form of the cou-
plings, let us first understand the flat space case from a different point of view: ∂τX
M |∂Σ and
∂σX
M |∂Σ are two space-time vectors on the boundary of the worldsheet. For a Dp-brane in flat
background and in static gauge, the Neumann and Dirichlet boundary conditions, ∂σX
µ|∂Σ = 0
and ∂τX
i|∂Σ = 0, project out some components of these vectors. The surviving components
∂σX
i|∂Σ and ∂τX
µ|∂Σ are precisely the operators on the worldsheet boundary to which the
D-brane scalars and vectors couple.
Having understood the flat space boundary couplings in this way, it is straightforward to
write the couplings in any general background. In the bosonic case, the open string boundary
conditions involve the following two vectors on the worldsheet boundary:
NL = ELN∂−X
N − ETLN∂+X
N |∂Σ , D
L = ∂τX
L|∂Σ . (42)
The N and D boundary conditions set to zero components of N and D projected, respectively,
along and normal to the D-brane worldvolume: ∂αX
LNL = 0, aaˆLD
L = 0. The surviving
components are Naˆ = aLaˆNL and D
α = gαβ∂βX
MGMLDL to which the worldvolume fields
should couple as NaˆΦaˆ and DαAα. In terms of the space-time components AM and φM of the
worldvolume fields given by (24), the boundary couplings are
SDp∂Σ =
∫
dτ
[
AMD
M +
1
2
φMNM
]
=
∫
dτ
[
AM∂τX
M − φL
(
GLM∂σX
M − BLM∂τX
M
)]
. (43)
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The scalar field vertex operator now also has a ∂τX
M contribution when the B-field has indices
both along and transverse to the brane, aMaˆ BMN∂αX
N 6= 0, which can be combined with the
gauge field part,
SDp∂Σ =
∫
dτ
[(
AM + φ
LBLM
)
∂τX
M − φN∂σX
N
]
. (44)
Later we will see that AM always appears in this combination, also in the presence of super-
symmetry and non-Abelian interactions. It may seem appealing to get rid of the extra term by
absorbing it in a redefinition of AM . But that would mean that non-trivial gauge fields could
be created simply by switching on transverse scalar fields which should not be the case.
To insure invariance of the action under BMN 2-form gauge transformations, the transfor-
mation of AM should be modified such that,
δBMN = ∂MΛN − ∂NΛM , δAM = −ΛM − φ
L (∂LΛM − ∂MΛL) . (45)
The extra term in δAM becomes relevant only when the 2-form gauge transformation is not
entirely restricted to the worldvolume. The origin of the modification will be explained below.
The boundary interaction (43) is consistent with (and in fact required by) the interpretation
of φM as an infinitesimal shift XM → XM + φM in the position of the brane. Indeed, the φ-
dependent part Sφ∂Σ of the action can be generated from the background part by shifting the
coordinates to XM + φM and retaining terms linear in the shift,
SΣ[X + φ] + S
A
∂Σ[X + φ] ∼ SΣ[X ] + S
φ
∂Σ[X ] + S
A
∂Σ[X ]
Here, SΣ is the bosonic part of the worldsheet bulk action (2), and its variation under the shift
gives rise to Sφ∂Σ along with a bulk term that vanishes by virtue of the equation of motion.
Hence adding 1
2
φMNM to the boundary action is equivalent to the infinitesimal coordinate shift
XM → XM + φM . As for the gauge field part SA∂Σ, to linear order in the worldvolume fields
SA∂Σ[X + φ] ∼ S
A
∂Σ[X ] and it could have been dropped. However, its inclusion above clarifies
the origin of the modification in the transformation of AM in (45): The left hand side of the
above equation is invariant under the usual NS-NS 2-form gauge transformation with parameter
Λ(X + φ). For the right hand side, this implies the modified transformation (45).
So far we have implicitly assumed that the world volume fields are Abelian but the consid-
erations can be generalized to the non-Abelian case. When AM and φ
M are non-Abelian, then
the boundary action SDp∂Σ cannot be simply added to the bulk worldsheet action, but should be
inserted in the path integral through a path-ordered Wilson line,
trP exp(i SDp∂Σ ) (46)
The boundary action is still given by (43) and the discussion above, as well as the T-duality
derivation to be described in the next subsection continue to hold. If we still want to interpret
this as arising from the infinitesimal shift XM → XM + φM (with a non-Abelian φM) in the
bulk worldsheet action, then the above path ordering along τ should be applied to the full
action when regarded as a function of the shifted coordinate. The non-Abelian case will be
discussed in more detail in the supersymmetric theory.
For later reference, we express the above boundary couplings in the static gauge Xµ = ξµ,
X i = const. Then, as we have seen, φi = Φ
aˆaaˆi and φµ = Φ
aˆaaˆµ = 0, and the boundary action
(44) becomes,
SDp∂Σ =
∫
dτ
[(
Aµ + φiG
iLBLµ
)
∂τX
µ − φi∂σX
i
]
(47)
In this gauge the boundary conditions are Nµ = 0, Di = 0.
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4.2 T-duality and restoration of covariance
We can go a step further and derive the scalar couplings of the last section using T-duality. An
offshoot of this is to clarify the relation between the expression that results from T-duality and
the corresponding covariant expression (or its static gauge form). While this relation is derived
on the worldsheet boundary, it also holds in the D-brane worldvolume theory where it enables
us to promote expressions obtained by T-duality to covariant ones. These considerations are
superfluous in the Abelian theory where they simply follow from general coordinate transfor-
mation (GCT) invariance. However, they have non-trivial consequences in the non-Abelian
case where the scalar couplings obtained by T-duality are seemingly inconsistent with general
covariance. For simplicity, we start with the Abelian theory to explain the ideas and gradually
generalize to the N=1 non-Abelian case in the following subsections.
Let us start with a D9-brane with the boundary coupling,
SD9∂Σ =
∫
dτA˜M∂τX˜
M =
1
2
∫
dτA˜M
(
∂+X˜
M + ∂−X˜
M
)
.
On general grounds, this is T-dual to the boundary coupling on a Dp-brane with p < 9 . To
obtain the scalar field vertex operator on the lower dimensional brane, we regard the gauge field
as a perturbation2 so that T-duality is given purely in terms of the closed string backgrounds
G and B. Then, using the T-duality relation ∂±X˜
M = QM±N∂±X
N of the bosonic theory with
Q± given in (35) and making the usual identifications, Aµ = A˜µ, φ
i = A˜jδ
ji, one obtains,
SDp∂Σ =
∫
dτ
[
Aµ∂τX
µ − φi
(
GiM∂σX
M −BiM∂τX
M
)]
=
∫
dτ
[
AµD
µ +
1
2
φiNi
]
. (48)
On the one hand, from subsection 3.3 we know that the above T-duality results in a Dp-brane in
the static gauge in which both φi and φµ are non-zero (26). On the other hand, the expression
in (48), which is a direct outcome of T-duality, does not contain the components φµ of the scalar
field. Indeed, although very similar to the static gauge expression (47) (which is obtained from
the covariant action (44) on gauge fixing the GCT), they are not yet exactly the same due to
these missing components of φ. The relation between the two is relevant to understanding the
covariance of non-Abelian D-brane worldvolume actions and will be spelt out below:
To recover the static gauge action (47) from the outcome of T-duality, we have to lower
the index on φ in (48) to φi = GiMφ
M . For this one needs the missing scalar field components
φµ. Now, under T-duality the D9-brane boundary condition N˜M = 0 goes over to static gauge
Dp-brane boundary conditions Di = 0, Nµ = 0. So we can add
1
2
φµNµ to the action without
affecting its content. This supplies the missing terms and insures that the outcome of T-duality
is consistent with the covariant action (44) or its gauge fixed version (47). We have also seen
that, for small φµ, the addition of 1
2
φµNµ to the boundary action is equivalent to shifting Xµ
to Xµ + φµ. Hence the outcome of T-duality is related to the covariant expression (or its
static gauge version) by a coordinate shift. Conversely, consider a Dp-brane described by the
embedding XM(ξ) with Abelian scalar fields φM(ξ). This description is coveriant under GCT.
2 If A˜M is regarded as a large background field, it modifies the boundary conditions. Then following [17],
T-duality results in a non-flat brane Xµ = ξµ, X i = φ¯i(ξ) but without the boundary scalar couplings. For small
φ¯i, expanding around X i generates these coupling.
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If we fix the static gauge right away, we end up with (47). However, we can also use the GCT
invariance to first make a transformation X
′µ = Xµ + φµ to eliminate φµ and then go to the
static gauge. Now, the resulting expression coincides with the outcome of T-duality (48).
To summarize, we saw that the outcome of T-duality can be written in a GCT covariant
form by adding to the boundary action terms that vanish by the boundary conditions. For
Abelian φµ this is equivalent to an ordinary coordinate transformation Xµ → Xµ + φµ which
can also be carried out in the corresponding D-brane worldvolume theory to restore its manifest
covariance. Since these are known symmetries, the identification of their worldsheet origin
is redundant. However, when φ becomes a matrix in the non-Abelian case, the shift is no
longer an ordinary coordinate transformation and its admissibility is not a priori evident in the
worldvolume theory. In this case, the worldsheet origin of the transformation becomes crucial
to insure its existence on the worldvolume. This will be made more precise in the following
subsections.
4.3 N=1 Supersymmetric Abelian worldsheet boundary couplings
In the supersymmetric case, we start from the D9-brane boundary couplings and obtain the rest
by T-duality. From this a covariant expression can be guessed leading to the N=1 boundary
couplings in general backgrounds and for any embedding. Alternatively these can be obtained
by supersymmetrizing the bosonic result. We will then discuss the interpretation of scalars as
coordinate shifts which is now more subtle.
The N=1 supersymmetric D9-brane boundary coupling is given by [12]
SD9∂Σ =
∫
dτ
{
AM∂τX
M −
i
4
(
ψM− + ηψ
M
+
)
FMN
(
ψN− + ηψ
N
+
)}
=
∫
dτ
{
AMD
M
(X) −
i
4
DM(ψ)FMND
N
(ψ)
}
. (49)
Here we consider Abelian gauge fields postponing the non-Abelian case to the next subsection.
Under the NS-NS 2-form gauge transformation, δB = dΛ, δA = −Λ, the variation of the first
term above is canceled by a boundary term that arises from the variation of the bulk action (2).
Hence the term containing FMN should be invariant by itself. Although this may not seem to
be the case at first sight, a closer examination shows that its invariance can be made manifest.
To see this, note that the D9-brane Neumann boundary condition (19) implies
DM(ψ)N
(ψ)
M = D
M
(ψ)BMND
N
(ψ) − 2ηGMNψ
M
− ψ
N
+ = 0 .
Adding zero in this form to the boundary action one can write,
SD9∂Σ =
∫
dτ
{
AM∂τX
M −
i
4
DM(ψ)FMND
N
(ψ) −
i
4
DM(ψ)N
(ψ)
M
}
, (50)
without changing the dynamics. This contains the combination FMN+BMN which is manifestly
invariant under 2-form gauge transformations. In other words, the non-invariance of FMN
conspires with that of the Neumann boundary condition (19) to produce a gauge invariant
result3. We will see below that, besides making the 2-form gauge invariance manifest, the
3If the worldvolume fields are promoted to background fields, then they will enter the boundary conditions
rendering them invariant under 2-form gauge transformations. However, as stated before, we regard A and φ
as perturbations to obtain their vertex operators in closed string backgrounds and to avoid problems in the
non-Abelian case.
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added term is also needed to understand the nature of N=1 worldsheet couplings to D-brane
scalars.
To obtain the N=1 supersymmetric boundary couplings on Dp-branes, we apply T-duality
to (49) along the d directions X i. Then, restricting to ∂iAM = 0, and using (41) with Aµ = A˜µ,
φi = A˜jδ
ji, one gets,∫
∂Σ
dτ
{
AµD
µ
(X) −
i
4
Dµ(ψ)FµνD
ν
(ψ) +
1
2
φiN (X)i −
i
2
Dµ(ψ)∂µφ
iN (ψ)i
}
. (51)
It is now easy to write the general covariant form of the couplings. This is achieved, as in the
bosonic case described in the last subsection, by using the boundary conditions Di(X) = D
i
(ψ) = 0
and N (X)µ = N
(ψ)
µ = 0 to complete the above action to,
SDp∂Σ =
∫
∂Σ
dτ
{
AMD
M
(X) −
i
4
DM(ψ)FMND
N
(ψ) +
1
2
φMN (X)M −
i
2
DM(ψ)∂Mφ
NN (ψ)N
}
. (52)
This expression is valid beyond T-duality and one can verify, using (12), that it is invariant under
N=1 worldsheet supersymmetry. Therefore it is the correct supersymmetric completion of (43)
and applies to any D-brane embedding provided the boundary vectors satisfy the appropriate
Dp-brane boundary conditions (32). It is understood that φM and AM are respectively normal
and tangent to the D-brane (24), so that φM∂αX
M = 0 and AMa
M
aˆ = 0. Boundary conditions
imply that all derivatives acting on AM and φ
M are of the form DL(ψ)∂L = D
α
(ψ)∂α consistent
with the fact that they live on the worldvolume and are functions of ξα. The covariance of the
couplings will be discussed later.
As in the case of D9-brane, the term containing FMN is not manifestly invariant under NS
2-form gauge transformations. To make the invariance manifest, to this action we add
SDp,0∂Σ =
∫
∂Σ
dτ
{
−
i
4
Dα(ψ)N
(ψ)
α
}
, (53)
which is zero by virtue of the boundary conditions and does not modify the theory. The fact
that this is the bare minimum required by 2-form gauge invariance is important to get the
correct scalar couplings and hence is emphasized here. For example, Daˆ(ψ)N
(ψ)
aˆ also vanishes
but is not needed and so should not be included 4.
The boundary action (52) is manifestly supersymmetric although in this form its covariance
is not manifest. This is evident from the presence of ∂Mφ
N (instead of ∇MφN) as well as N
(X)
M
which, as noted earlier, does not transform as a vector. Also the invariance of the φ-dependent
terms under the 2-form gauge transformation is not manifest. To make both these symmetries
manifest, we note that after some manipulations equations (8) and (9) can be written as,
N (ψ)M = GMN
(
ψN− − ηψ
N
+
)
+BMND
N
(ψ) ,
N (X)M = 2
(
BMN∂τX
N −GMN∂σX
N
)
− iDN(ψ)Γ
L
NMGLK
(
ψK− − ηψ
K
+
)
−iDN(ψ)∂NBMLD
L
(ψ) − iηψ
N
+ψ
L
−HNLM .
4Note that T-duality gives D˜M(ψ)N˜
(ψ)
M = D
µ
(ψ)N
(ψ)
µ +N
(ψ)
i D
i
(ψ) both of which vanish separately by Dp-brane
boundary conditions. Of these only the first term is needed and is retained. Also, since the added term vanishes,
so does its supersymmetry variation. Hence we do not need to add its supersymmetric completion XMN
(X)
M
(for D9-brane). Thus we retain the minimum required to make the 2-form gauge invariance manifest.
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Substituting in (52), one recovers a manifestly covariant expression for the action as,
SDp∂Σ =
∫
∂Σ
dτ
{
A
(φ)
M ∂τX
M −
i
4
DM(ψ)F
(φ)
MND
N
(ψ)
−φN∂σX
N −
i
2
Dα(ψ)∇αφM
(
ψM− − ηψ
M
+
)
−
i
2
ηφMψN+ψ
L
−HMNL
}
. (54)
As in the bosonic case, the gauge field always appears through this shifted combination,
A
(φ)
M = AM + φ
LBLM , (55)
and F
(φ)
MN is the corresponding Abelian field strength. Another feature of this boundary action
is that the covariant derivative ∇αφM = ∂αφM − ∂αXNΓLNMφL is in terms of the ordinary
Christoffel connection, without a torsion contribution. In fact, the torsion term in (54) cannot
be absorbed in the covariant derivative term in this form. Thus, the boundary action (52) is
invariant under both general coordinate transformations and NS 2-form gauge transformations
(after the addition of (53) and with the gauge field transformation given by (45)).
Let us now understand the scalar couplings as coordinate shifts. In the bosonic theory
the boundary couplings of φM arose from the shift XM → XM + φM(ξ) in the worldsheet
bulk action, i.e., the part with only closed string backgrounds. In the N=1 case, in order
to reproduce the φ terms in (52), one has to include the new features of the theory. First,
consistency with the supersymmetry transformation δsusyX
M = −ǫ−DM(ψ) implies that the shift
in XM should be accompanied by a corresponding shift in DM(ψ) = ψ
M
− + ηψ
M
+ ,
∆XM = φM(ξ) , ∆DM(ψ) = D
α
(ψ)∂αφ
M(ξ) . (56)
To first order, the change ∆S of the worldsheet bulk action (2) under these variations is given by
(17). This is no longer zero since the variations ∆XM and ∆DM(ψ) do not respect the boundary
conditions. Besides, now the action contains an extra purely background dependent piece SDp,0∂Σ
given by (53). Although boundary conditions set this term to zero, its variation ∆SDp,0∂Σ under
the shifts is not zero (since we do not modify the boundary conditions under the shift). The
total variation of the purely background dependent part of the action is then given by (for more
details see the discussion in the non-Abelian case below),
∆S +∆SDp,0∂Σ =
1
2
∫
dτ
{
∆XLN (X)L − i∆D
L
(ψ)N
(ψ)
L
}
. (57)
Substituting for ∆XM and ∆DM(ψ) from (56), we recover the φ-dependent terms of the boundary
action (52). This shows that in the N=1 theory too scalar boundary couplings emerge from
infinitesimal coordinate shifts, provided supersymmetry and the presence of the extra term (53)
are taken into account.
The discussion in subsection 4.2 of the relation between T-duality and covariance of the
scalar couplings applies with appropriate generalizations: T-duality of the boundary conditions
leads to a Dp-brane in the static gauge, Xα = ξα and X i = const. In general both φi and φµ
are non-zero. However, the scalar couplings in (51) resulting from T-duality do not contain
φµ and are related to the manifestly covariant action (52) (or its static gauge form) by the
addition of 1
2
N (X)µ φµ and − i2D
µ
(ψ)∂µφ
νN (ψ)ν , both of which vanish by virtue of the static gauge
boundary conditions. But the addition of these terms correspond to shifting Xµ to Xµ + φµ,
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along with the appropriate shifts in ψµ±. In the world volume theory, this coordinate shift is the
transformation needed to convert the outcome of T-duality to the static gauge action and the
above discussion clarifies its worldsheet origin. In the next subsection we will generalize this to
the non-Abelian theory where is acquires non-trivial consequences.
Let us now rewrite the action (54) in a form that highlights the geometry of the brane. This
is not relevant to the rest of the paper and can be skipped. Geometrically, φM is normal to
the brane but the covariant derivative ∇αφM has components both normal and tangent to the
brane and decomposes as
∇αφ
M = (∇̂αΦ
aˆ)aMaˆ − (ΦaˆΩ
aˆ
αβ)g
βγ∂γX
M . (58)
In the first term, ∇̂αΦaˆ = ∂αXM(∇MφN)aaˆN is by definition the covariant derivative on the
normal bundle. Its expression can be easily read off from this definition as,
∇̂αΦ
aˆ = ∂αΦ
aˆ + ωaˆ
αbˆ
Φbˆ , where, ωaˆ
αbˆ
= aaˆN∂αa
N
bˆ
+ ∂αX
MΓNMKa
aˆ
Na
K
bˆ
.
The second term contains the second fundamental form of the embedding which can also be
read off from (58) as,
ΩMαβ = ∂α∂βX
M + ΓMNK∂αX
N∂βX
K .
It gives the deviation of ΦM from the normal under parallel transport by the Christoffel connec-
tion. In string theory one often encounters the torsionful connections Γ±NMK = Γ
N
MK ∓
1
2
HNMK .
It can be easily checked that adding torsion to the left hand side of (58) leads to torsion
contributions to the normal bundle connection and to the second fundamental form,
∇̂±αφ
aˆ = ∇̂αφ
aˆ ±
1
2
φMH aˆMα , Ω
±K
αβ = Ω
K
αβ ∓
1
2
HKαβ , (59)
where, H aˆMα = HMLK∂αX
LaKaˆ and HKαβ = H
K
MN∂αX
M∂βX
N . Substituting (58) in (54)
and using (59) along with the Dirichlet boundary condition Daˆ(ψ) = ψ
aˆ
− + ηψ
aˆ
+ = 0, one gets an
alternative expression for the boundary action as
SDp∂Σ =
∫
∂Σ
dτ
{
A
(φ)
M ∂τX
M −
i
4
DM(ψ)F
(φ)
MND
N
(ψ) − φN∂σX
N + iψα+∇̂
+
αΦ
aˆψ+aˆ
−iψα−∇̂
−
αΦ
aˆψ−aˆ +
i
2
ηψα+ψ
β
−Ω
+M
αβ φM +
i
4
(ψaˆ+ψ
bˆ
+ + ψ
aˆ
−ψ
bˆ
−)HaˆbˆMφ
M
}
. (60)
As usual, all indices are raised and lowered using the corresponding metrics GMN , gαβ and δaˆbˆ.
4.4 N=1 Supersymmetric non-Abelian boundary couplings
The more interesting case from the point of view of D-brane worldvolume theories is the bound-
ary couplings of non-Abelian worldvolume fields and their behaviour under T-duality. The
procedure for constructing the couplings is similar to the Abelian case and will be carried out
here. The interpretation of scalar couplings as coordinate shifts is more subtle and will be
addressed in the next subsection.
The starting point is the path-ordered supersymmetric Wilson line for the D9-brane which
is inserted in the path-integral measure [12],
trP exp(i SD9∂Σ ) = trP exp
(
i
∫
∂Σ
dτ
{
AMD
M
(X) −
i
4
DM(ψ)FMND
N
(ψ)
})
. (61)
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Here, AM = A
a
Mλ
a are non-Abelian gauge fields with λa denoting the gauge group generators
and FMN = ∂MAN−∂NAM + i[AM , AN ]. The invariance of SD9∂Σ under N=1 supersymmetry re-
quires an unconventional transformation of λa. The combined supersymmetry transformations
are [12],
δsusyX
M = −ǫ−DM(ψ) , δsusyD
M
(ψ) = −2iǫ
−∂τX
M , δsusyλ
a = −iǫ−DL(ψ) [AL , λ
a] . (62)
To obtain the non-Abelian Dp-brane boundary couplings from this, we take AM to be
independent of d coordinates X i and apply T-duality along these directions. Then, using (41)
and making the usual identifications A˜µ = Aµ, A˜i = δijφ
j (where the origin of δij was explained
in section 3.3), the action SD9∂Σ in (61) yields,∫
∂Σ
dτ
{
AµD
µ
(X) −
i
4
Dµ(ψ)FµνD
ν
(ψ)
+
1
2
φiN (X)i −
i
2
Dµ(ψ)
(
∂µφ
i + i
[
Aµ , φ
i
])
N (ψ)i +
1
4
N (ψ)i
[
φi , φj
]
N (ψ)j
}
. (63)
As before, the missing components can be inserted by using the static gauge boundary condi-
tions Di(X) = D
i
(ψ) = 0, N
(X)
µ = N
(ψ)
µ = 0, without affecting the content of the theory,
SDp∂Σ =
∫
∂Σ
dτ
{
AMD
M
(X) −
i
4
DM(ψ)FMND
N
(ψ)
+
1
2
φMN (X)M −
i
2
DM(ψ)
(
∂Mφ
L + i
[
AM , φ
L
])
N (ψ)L +
1
4
N (ψ)M
[
φM , φN
]
N (ψ)N
}
. (64)
This final expression can be reinterpreted as the general form of the boundary couplings which
goes beyond T-duality and is valid for any background and any embedding. As a check, one can
verify its invariance under N=1 worldsheet supersymmetry that acts on the boundary vectors
as in (12), coupled with an unconventional transformation of the gauge group generators λa
that can be surmised from the action of T-duality on the last equation in (62),
δsusyλ
a = −iǫ−DL(ψ) [AL , λ
a]− iǫ−N (ψ)L [φ
L , λa] . (65)
As in the Abelian case, to the action (64) we should further add the extra term (53) which
vanishes by virtue of Dp-brane boundary conditions, but which makes the NS 2-form gauge
invariance of the FMN -term manifest.
After some manipulations very similar to the N=1 Abelian case, the action (64) can be
written in a manifestly general coordinate invariant form,
SDp∂Σ =
∫
∂Σ
dτ
{
A
(φ)
M ∂τX
M −
i
4
DM(ψ)F
(φ)
MND
N
(ψ) − φN∂σX
N −
i
2
Dα(ψ)∇
(Aφ)
α φM
(
ψM− − ηψ
M
+
)
+iηψN+ψ
L
−
(
[φN , φL]−
1
2
φMHMNL
)}
. (66)
The covariant derivative is now,
∇(A
φ)
α φM = ∂αX
L
(
∂LφM − Γ
N
LMφN + i [A
(φ)
L , φM ]
)
, (67)
and throughout the gauge field appears through the shifted combination,
A
(φ)
M = AM + φ
LBLM ,
including in the field strength, F
(φ)
MN = ∂MA
(φ)
N −∂NA
(φ)
M + i [A
(φ)
M , A
(φ)
N ]. To get the [φN , φL] term
in this form, we have used DM(ψ)φM = 0. The action can also be rewritten in the form (60).
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4.5 Non-Abelian scalar couplings as coordinate shifts
The open string boundary coupling to non-Abelian scalar fields also follow from a shift of the
coordinates XM by the matrix valued fields φM , although with some subtleties. The implication
is however more drastic as it leads to the notion of non-Abelian coordinate shifts as a symmetry
of the D-brane worldvolume theory. This in particular allows us to relate worldvolume scalar
couplings obtained by T-duality to the corresponding covariant expressions. The shift is no
longer a part of general coordinate transformations.
Consider the coordinate shift △XM = φM performed in the purely background dependent
part of the action. This is an unusual shift as it involves adding a non-Abelian matrix φM =
φaMλa to the ordinary coordinate XM . To carry this out, the path-ordering in the Wilson line
(61) should be extended to include the full worldsheet action factor exp(iS) in the path integral.
In practice, path ordering will not cause much complication since we are interested only in first
order variations. To preserve supersymmetry, the shift in XM should be accompanied by a shift
△DM(ψ) = △(ψ
M
− + ηψ
M
+ ) of the fermions. This is determined by extending the supersymmetry
transformation ofXM to its variation, δsusy△XM = −ǫ−△DM(ψ). Using (65), the supersymmetry
variation of φM = φMaλa is
δsusyφ
N = −ǫ−
(
DL(ψ)∂Lφ
N + iDL(ψ)[AL, φ
N ] + iN (ψ)L [φ
L, φN ]
)
.
From this one can read off △DM(ψ), leading to the bosonic and fermionic shifts,
△XM = φM ,
△DM(ψ) = D
L
(ψ)
(
∂Lφ
M + i [AL , φ
M ]
)
+ iN (ψ)L [φ
L , φM ] .
(68)
To first order in the shifts, the variation of the worldsheet bulk action is given by (17),
△S =
1
2
∫
∂Σ
dτ
[
△XLN (X)L +
i
2
DL(ψ)△N
(ψ)
L −
i
2
△DL(ψ)N
(ψ)
L
]
. (69)
This is non-zero since only the boundary vectors satisfy boundary conditions but not the shifts
△X and △D(ψ). To this we have to add the variation of the purely background term (53)
required by NS 2-form gauge invariance. While this term and part of its variation vanish due
to the boundary condition N (ψ)α = 0, the non-zero piece in the variation is given by,
△SDp,0∂Σ = −
i
4
∫
∂Σ
dτ
{
Dα(ψ)△
(
∂αX
LN (ψ)L
)}
= −
i
4
∫
∂Σ
dτ
{
DL(ψ)△(N
(ψ)
L ) +D
α
(ψ)△
(
∂αX
L
)
N (ψ)L
}
, (70)
where we have used Dα(ψ)∂αX
L = DL(ψ). Then, the expected scalar field boundary couplings
S(φ) = △S +△SDp,0∂Σ are
S(φ) =
1
2
∫
∂Σ
dτ
{
△XLN (X)L −
i
2
△DL(ψ)N
(ψ)
L −
i
2
Dα(ψ)△
(
∂αX
L
)
N (ψ)L
}
. (71)
If the shift is Abelian, then △
(
∂αX
L
)
= ∂α(△XL) = ∂αφL, as can be verified by noting that
the supersymmetry transformations (12) also hold for △D(ψ) and △D(X). In this case we end
up with the expression (57) which was used in the N=1 Abelian case.
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In the non-Abelian theory △ and ∂α do not commute and the above identification is not
consistent with supersymmetry. One can attempt to find the correct expression for △
(
∂αX
L
)
by considering instead △ (∂τX) ≡ △D(X) and taking the right hand side to be defined by the
supersymmetry transformation δsusy(△D(ψ)) = −2iǫ−△D(X). Then using (68) one finds that
△DL(X) = ∂τX
M(∂Mφ
L + i [AM , φ
L]) + · · ·. If we ignore the extra terms this suggests, 5
△(∂αX
L) = ∂αX
M
(
∂Mφ
L + i [AM , φ
L]
)
.
Substituting this along with (68) in (71) one recovers the correct φ-dependent terms in the
non-Abelian boundary action. While this leads to the correct result, the above derivation is
not fully satisfactory in view of footnote 5. One way of making this rigorous would be to find a
closed form of the supersymmetry transformations (12) when applied to non-Abelian quantities.
We will not follow this approach but rather describe an alternative derivation which, although
formal, is more illuminating:
The problem has its origin in the addition of φM , which transform in the adjoint represen-
tation of the gauge group, to gauge singlets XM . A way out would be to make φM behave more
like gauge singlets. This can be achieved at least formally, albeit at the expense of locality.
Consider a gauge transformation U in the non-Abelian theory,
A
′
α = U
−1
AαU − i U−1∂αU ,
φ′M = U−1φMU . (72)
On the worldsheet boundary, Aα and φ depend on τ through ξ
α(τ). We can always choose U
such that at a given point τ the gauge field vanishes (although the field strength is non-zero).
This is the analogue of Riemann normal coordinates for the gauge bundle. For this, consider a
path ξ(τ¯) from some τ0 to τ and choose U as the Wilson line,
U(τ, τ0) = P exp (−i
∫ τ
τ0
Aτ dτ¯) , (73)
where Aτ = Aα∂τξ
α = AM∂τX
M . Keeping the ordering in mind, one can see from (72) that
at the point τ , A′α(τ) = 0 and furthermore, φ
′M(τ) = U(τ0, τ)φ
M(τ)U(τ, τ0) is invariant under
local gauge transformations that are localized in the neighbourhood of τ but which vanish at
τ0 (in particular one can choose τ0 at infinity and ignore its effect). Now the φ
′M , although
non-local, are singlets at τ and are the natural objects by which the coordinates can be shifted.
Thus in this gauge the shifts (68) become,
△XM = φ′M ,
△DM(ψ) = D
L
(ψ)∂Lφ
′M + iN (ψ)L
[
φ′L , φ′M
]
.
(74)
Treating φ′ as a gauge singlet at τ , we write △
(
∂αX
L
)
= ∂α(△XL) = ∂αφ′L as in the Abelian
case. Then substitution in (71) reproduces the boundary couplings (64) to φ′M in the gauge
5 This approach is not fully consistent since a straightforward generalization of (12) to non-Abelian quantities
does not lead to a closed set of equations, although we can still get some information from it. The complete
expression for △DL(X) obtained in this way is:
∂τX
MDMφ
L + i2N
(X)
P [φ
P , φL] + 14D
K
(ψ)D
M
(ψ)[FKM , φ
L]− 12N
(ψ)
P D
M
(ψ)[DMφ
P , φL]− i2N
(ψ)
P N
(ψ)
K [φ
K , [φP , φL]],
where DM = ∂M + i[AM , ].
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where A′M = 0. The gauge field can be reinstated by the inverse gauge transformations U
−1 on
noting that,
∂αφ
′M = U−1(∂αφ
M + i [Aα, φ
M ])U . (75)
To summarize, we have seen that the N=1 worldsheet boundary couplings to non-Abelian
worldvolume scalars are reproduced by shifting the XM by the matrices φM in the background
part of the action. Carried out consistently, this also implies the shift ∂αX
M → ∂αXM+∂αφM+
i [Aα, φ
M ].
We can now discuss the issue of T-duality and covariance which is very similar to the bosonic
theory with Abelian fields, although now the implications are non-trivial: T-duality on D9-
branes gives rise to Dp-brane boundary conditions in static gauge Xµ = ξµ, X i = const. While
the scalar field components φi and φµ are generically non-zero in this gauge (as summarized
in (26)), T-duality is capable of generating only φi. In particular, it produces the Dp-brane
boundary action (63) in which the φµ do not appear. These missing components are needed if
we are to reproduce the static gauge version of the covariant action (66), insuring consistency
with general covariance. We have seen that the missing components φµ can be included in
the action through the addition of terms like φµN (X)µ that vanish by virtue of the boundary
conditions. This has no effect on the physics and in this sense is a symmetry operation. Finally,
we have seen that the same operation can also be implemented by shifting the coordinates
by the matrix valued field Xµ → Xµ + φµ, which when performed correctly, also results in
∂αX
µ → ∂αXµ + ∂αφµ + i [Aα, φµ].
D-brane worldvolume action is determined by the string worldsheet theory and therefore
shares its behaviour under T-duality and inherits the above symmetry. Since worldsheet bound-
ary conditions do not have a direct counterpart in the worldvolume theory, it is the implemen-
tation of the symmetry by the matrix-valued coordinate shift that provides its worldvolume
realization. Unlike on the worldsheet, the extra terms generated by the shift on the worldvol-
ume do not vanish identically, indicating that the shift is part of a non-trivially realized group of
matrix-valued coordinate transformations, MCT. These generalize ordinary general coordinate
transformations, GCT. The worldsheet considerations above uncover only a part of the MCT,
enough to address the issue of covariance, but do not clarify its general group structure. The
implications of this will be discussed in the next section.
5 Covariant Coupling of Scalars in Worldvolume Theo-
ries
This section addresses the issue of the apparent incompatibility of non-Abelian scalar couplings
with general covariance which arises in the known form of the worldvolume theory. As adver-
tised, the puzzle is resolved by the extra symmetry observed on the worldsheet boundary. We
first consider the Abelian case to demonstrate the method and then turn to the non-Abelian
theory. At the end, we present the general picture which puts everything in context.
5.1 Review of scalar couplings in Abelian worldvolume theory
Here we review the structure of the Abelian D-brane worldvolume theory with emphasis on the
relation between T-duality and covariance, in order to set the stage for the discussion of the
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non-Abelian case in the next subsection. We will also comment on the nature of the scalar field
as a coordinate difference on the worldvolume.
The Abelian theory on the worldvolume of a single Dp-brane is given by a sum of the
Dirac-Born-Infeld (DBI) [15] and Chern-Simons (CS) actions [24]∫
dp+1ξ e−ϕ
√
det(P [E] + F) +
∫
P [C ′] ∧ eF , (76)
where higher order curvature corrections have been ignored. The structure of the action depends
on the brane geometry given by the embedding XM(ξα) through P [· · ·] which denotes the pull-
back of space-time tensors to the brane worldvolume. For a space-time tensor VM1···Mn (which
stands for E = G+B in the DBI part and for the Ramond-Ramond potentials C ′(n) in the CS
part), it denotes,
P [V ] = ∂α1X
M1 · · ·∂αnX
Mn VM1···Mn . (77)
For the RR potentials we use the notation, C ′ = C∧eB, where C are invariant under NS 2-form
gauge transformations. F = dA is the gauge field strength on the worldvolume (see subsection
3.1 for conventions). In the Abelian theory, the coupling of D-brane charges eF to background
RR potentials is described by exterior multiplication. This action is manifestly invariant under
space-time general coordinate transformations (GCT).
Although the scalar fields do not explicitly appear in the above description, string worldsheet
considerations suggest that at least to first order, they could be hidden as coordinate shifts in
the embedding functions XM(ξ) [15]. To see this explicitly, one starts with the D9-brane
worldvolume action with gauge fields A˜M and obtains the Dp-brane action by T-dualizing
along the coordinates X i, leaving Xµ unchanged. After identifying A˜µ = Aµ, A˜i = δijφ¯
j, a
small generalization of the procedure in [17, 18] yields the Dp-brane with the scalar couplings
(see footnote 2). This is still given by (76) but now in the semi-static gauge, Xµ = Xµ(ξα),
X i = φ¯i(ξα) where the pull-backs take the form,
P [V ]T−dual = · · ·∂αX
µVµ··· + · · ·∂αφ¯
iVi··· . (78)
Note that in the above, the scalar fields φ¯i naturally appear as coordinate differences and hence
are distinguished from the scalar fields φM (or Φaˆ) of the worldsheet boundary theory which
are vectors normal to the brane. The relation between the two will be discussed later.
We now make the connection between covariance, T-duality and scalar couplings even more
explicit: (78) gives the coupling of scalar fields in a specific GCT gauge, one that followed from
T-duality. One may ask how the scalars couple in general? From worldsheet considerations it
is clear that on a Dp-brane defined by the embedding XM(ξ) there will exist scalar fields φM
(or φ¯M , to be specified below). Since both XM(ξ) and the scalars correspond to brane shape
and position, there is some freedom in how much of this information one encodes in each one
the two. It is then evident that the general coupling of scalars in the Abelian worldvolume
action should be through XM + φ¯M and the expression for the pull-backs to be used in (76) is
P [V ]X+φ¯ = ∂α1(X
M1 + φ¯M1) · · ·∂αn(X
Mn + φ¯Mn) VM1···Mn(X + φ¯) . (79)
This is a covariant expression for the coupling of scalars as long as φ¯M are regarded as coordinate
differences. The outcome of T-duality (78) is a gauge fixed version of the above for which we
have to fix the static gauge and also get rid of φµ by the coordinate transformation Xµ →
Xµ−φµ. Conversely, the φµ can be reinstated in the T-duality expression (78) by the coordinate
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shift Xµ → Xµ + φµ, partially undoing the gauge fixing. It is in this sense that the Abelian
Dp-brane action obtained by T-duality is compatible with covariance.
The coordinate shift δXµ = φµ that insured the compatibility of T-duality and general
covariance is a part of GCT, which is a symmetry of the Abelian worldvolume action (76). In
section 4 the same shift appeared as an invariance of the worldsheet boundary action obtained
by T-duality and served the same purpose as on the worldvolume. The obvious conclusion
is that even if we did not know about the general covariance of the worldvolume action, this
property of the boundary theory would have been enough to indicate the existence of such a
shift symmetry on the worldvolume enabling us to promote the outcome of T-duality in (78)
to a covariant expression. This is an example of how our worldsheet considerations can be
applied to the worldvolume theory. It also shows that the shift symmetry observed on the
worldsheet is part of a larger symmetry of the worldvolume theory, in this case the GCT. The
generalization to non-Abelian theory would imply the existence of a group of matrix-valued
coordinate transformations, MCT, only a part of which is observed in the worldsheet theory.
We will now remark on the relation between the scalars φM that appear in the worldsheet
boundary action and the φ¯M of the worldvolume action. φM transforms as a vector under GCT
as is evident from the structure of the worldsheet operator to which it coupled. On the other
hand, φ¯M appears as a coordinate difference and transforms accordingly. A manifestation of
the difference is that we encounter ordinary derivatives of φ¯M but only covariant derivatives of
φM . As suggested in [5] it is natural to think of the relation in terms of the Riemann normal
coordinates [28, 29] which also appears in other contexts in the physics literature [26, 27]. This
allows one to express a coordinate difference ∆XM in terms of vectors uM (that acquire the
interpretation of tangent vectors at X to geodesics from X to X +∆X),
∆XM = uM −
∞∑
n=2
1
n!
ΓML1···Lnu
L1 · · ·uLn . (80)
Here, ΓML1···Ln = ∇(L1 · · ·∇Ln−2Γ
M
Ln−1Ln)
, with the covariant derivatives acting only on the lower
indices, are evaluated at a point XM(ξ) on the D-brane and we regard ∆X as a displacement
from this point. The manipulations involving Riemann normal coordinates require that uM
spans all directions, so we write uM = uα∂αX
M + φM . Only at the end of the day can we
restrict the results to the normal directions, uM = φM , in which case ∆XM = φ¯M becomes a
displacement away from the brane. Using the Riemann normal coordinate formalism, one can
see that [26, 27],
∂αφ¯
M = ∇αφ
M −
1
3
∂αX
KRML1L2Kφ
L1φL2 + · · · (81)
where ∇αφM = ∂αφM + ∂αXNΓMNLφ
L, and the ellipses denote terms with higher powers and
derivative of the curvature tensor. It is the right hand side of this equation that should emerge
from an appropriate worldsheet calculation of the worldvolume action. Note that the covariant
derivative above is the same as the one in (54); not restricted to the normal bundle and without
a torsion contribution. To lowest order φ and φ¯ are the same and it was only to this order that
the worldsheet manipulations were carried out.
5.2 Covariance of non-Abelian worldvolume theory
In this subsection we finally address the issue of covariance of the scalar couplings in non-
Abelian worldvolume theory. Geometrically, a stack coincident D-branes is still described by
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the embedding functions XM(ξ), and the non-Abelian worldvolume fields AM and φ
M are, re-
spectively, tangent and normal to the stack. The covariance of this description under general
coordinate transformations (GCT) is reflected in the covariance of the worldsheet boundary
couplings (66) which, in turn, determine the D-brane worldvolume action (say, through a man-
ifestly covariant background field computation as in [26, 15]. The obvious implication is that
the worldvolume theory should at least exhibit ordinary general coordinate invariance, besides
other larger non-Abelian symmetries that it may also possess.
In practice, the couplings of non-Abelian scalars in the worldvolume action are obtained by
T-duality or computations around flat background [1, 2, 3, 4], where covariance is not manifest.
Even then, one normally expects the final results to be consistent with general covariance in the
sense that they are obtainable from a GCT invariant action on going to a specific coordinate
gauge, as happens in the Abelian theory. This however is not the case in the non-Abelian
theory. To see this, let us consider the couplings of non-Abelian scalars obtained in [3]. Instead
of writing the full action, we concentrate on the general structure of the couplings involving
the scalars. These are determined in large part by T-duality and, in the static gauge, where
Xµ = ξµ along the brane and X i = const in the “transverse” directions, they appear as
Vµ ··· +Dµφ
i Vi ··· = Vµ ··· + (∂µφ
i + i [Aµ, φ
i ] ) Vi ··· , (82)
· · · [φi, φj ]Vij ··· , (83)
V (Xµ, X i + φi) = eφ
i∂/∂XiV (Xµ, X i) . (84)
The tensor V··· stands for C
′
M1···Mn
in the Chern-Simons action and is given in terms of EMN =
GMN + BMN or the dilaton ϕ in the DBI action. The first expression takes the place of
ordinary pull-back and is interpreted as its non-Abelian generalization. Expressions of the
second type appear in the BDI as well as in the CS action where they result in a Dp-brane
carrying charges corresponding to larger branes. The third expression indicates that the closed
string backgrounds in the non-Abelian worldvolume action should be regarded as functions of
the non-Abelian scalars [24] (these cannot be seen via T-duality due to the need for isometries).
It is easy to see that the above structures cannot follow from covariant expressions on
choosing a coordinate gauge: A covariant action will contain all components of φM , including
φµ, which are generically non-zero even in the static gauge, as discussed in section 3.1. Also,
being matrix valued, the φµ cannot be gauged away or reintroduced into the action by ordinary
coordinate transformations, unlike Abelian scalars. On the other hand, these components of
the non-Abelian scalars do not appear in (82)-(84) which shows that they cannot follow from a
covariant expression on fixing a GCT gauge. Besides this, the expressions (82)-(84) also contain
other sources of non-covariance involving the Christoffel connection. These contain derivatives
of the metric and arise at higher orders in perturbation theory to which the derivation in [3] is
not sensitive.
The puzzle is that the above apparent inconsistency with general covariance is not entirely a
result of overlooking terms in the calculation. Rather, the T-duality used in [3] is certainly valid
for terms not containing derivatives of closed string backgrounds (the VM1···Mn above). But the
incompatibility with general covariance already shows up at this level, within the domain of
validity of the derivation. This also prevents us from adding the missing components φµ by hand,
without a deeper understanding of their absence, as this would amount to changing by hand
the outcome of a valid derivation. However, terms involving derivatives of the background fields
(for example, the connection) are missed by T-duality and can be added by hand if required
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for covariance. One should then be able to reproduce them by a microscopic calculation.
An understanding of the problem and a mechanism for its resolution emerge from our
worldsheet considerations. Recall that the worldsheet boundary action obtained by T-duality in
(63) involves the same set of scalar field couplings as appear in (82)-(84), and therefore exhibits
the same inconsistency with covariance. On the worldsheet boundary the missing components
φµ could be reinserted into the action by adding to it terms that vanish by virtue of the boundary
conditions. This restores covariance without affecting the dynamics. The implication is that
the complete worldvolume theory should also have a corresponding symmetry (irrespective on
how it is implemented) that goes beyond GCT and allows us to insert into the action the
missing terms needed for covariance. The actual implementation of this symmetry also follows
from the worldsheet theory. It involves a shift of the coordinates Xµ by matrix valued fields
the admissibility of which is not evident from the known structure of the worldvolume action.
The realization of this idea in the Abelian theory was verified in the previous subsection. The
details and some fine tunning required in the non-Abelian case are discussed below.
An aspect not determined by the worldsheet considerations is when to regard the scalar
field as a normal vector φM and when to regard it as a coordinate difference φ¯M . Since the two
differ by higher derivatives of the metric, the T-duality used here and in [3] (which has no α′
corrections) does not distinguish between them. In fact, in (82)-(84), φi seems to correspond
to a vector whenever it appears within a commutator and to a coordinate difference otherwise.
On the worldsheet, the difference does not show up since the shift is taken to be infinitesimal,
whereas φ¯ differs from φ at higher orders. The choice between the two has to be made depending
on what is consistent with covariance. In principle, all this can be verified by microscopic
calculations although that will not be attempted here.
Now we can demonstrate explicitly how the implementation of this enlarged symmetry
promotes (82)-(84) to covariant expressions. First consider the expression V (Xµ, X i + φi)
in (84). We concentrate on the argument of V since its tensor index structure is part of (82).
Clearly the symmetry observed on the worldsheet boundary allows us to shift Xµ infinitesimally
by φµ, resulting in V (XM + φM). In analogy with the Abelian case, covariance demands that
the vector φM in the argument should be replaced by the non-Abelian “coordinate difference”
φ¯M , given by the Riemann normal coordinate relation (80). On restricting to transverse scalars,
φ¯M = φM −
∞∑
n=2
1
n!
ΓML1···Lnφ
L1 · · ·φLn . (85)
Here we have simply generalized the Abelian expression to the non-Abelian φM without bother-
ing about the attendant subtleties. The issue of normal coordinates involving matrices has been
considered in detail in [5] and will not be discussed here further. The function V (XM + φ¯M)
can be expanded by the generalization of the Taylor expansion using the normal coordinate
formalism [26, 27, 28],
V (XM + φ¯M) = eφ
M∇MV (XM) + · · · (86)
where the covariant derivative contains the Christoffel connection ΓKMN and the ellipses represent
corrections involving the curvature tensor. This is the covariant generalization of (84).
Next we consider the expression Vµ ···+Dµφ
i Vi ··· (82). The static gauge used can be slightly
generalized to Xµ = Xµ(ξα), X i = const for which the derivation in [3] still goes through.
We can also regard the trace of φi (or part of it) as contributing to X i. This takes us out
of the static gauge and leads to ∂αX
MVM ··· +Dαφ
i Vi ···. Simply shifting X
µ is not enough to
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render this covariant. But recall that the correct implementation of the shift transformation
on the worldsheet resulted in Xµ → Xµ + φµ and ∂αXµ → ∂αXµ +Dαφµ. This was achieved
by the formal trick described around equation (72) and justified there: We first make a gauge
transformation φ′ = U−1φU with U given by theWilson line (73) evaluated along some fictitious
path on the worldvolume ending at ξα. This sets A′α = 0 at ξ
α, leading to ∂αX
MVM ···+∂αφ
′i Vi ···.
Now, the invariance of the boundary couplings under the infinitesimal shift Xµ → Xµ + φ′µ
allows us to insert the missing φµ components completing this to ∂α(X
M + φ′M)VM ···. For
this to be sensible on the worldvolume, the vector φM should be replaced by the coordinate
difference φ¯M (85). In practice, the difference should emerge from higher order corrections in
the microscopic computation of the worldvolume action, as argued in [5]. Now we have the
covariant generalization of (82),
U ∂α(X
M + φ¯′M)VM ··· U
−1 = U
(
∂αX
M +∇αφ
′M + · · ·
)
VM ··· U
−1
=
(
∂αX
M +∇(A)α φ
M + · · ·
)
VM ··· (87)
where ∇(A)α φM = ∇αφM + i [Aα, φM ] is gauge and GCT covariant, and we have used (75) and
(81). The ellipses denote curvature dependent terms. The tensor V··· itself has a structure as
in (86).
Last we consider (83). The shift in Xµ cannot be used directly to covariantize this and
even on the worldsheet the corresponding commutator term in (63) was rendered covariant by
a shift in the fermionic worldsheet coordinates in (68) and not Xµ itself. As yet it is not clear
how the coordinate shift should be generalized to also implement this aspect of the worldsheet
symmetry on the brane worldvolume. Nevertheless worldsheet considerations have shown that
such a generalization of the shift should exist and convert (83) into the corresponding covariant
expression,
· · · [φM , φN ]VMN ··· . (88)
The covariant version of the non-Abelian scalar couplings in [3] can thus be obtained by re-
placing the structures (82)-(84) by (87), (88) and (86), respectively.
As such, the covariant expressions above could be easily guessed and the worldvolume
action modified accordingly without invoking the worldsheet theory and it matrix-valued shift
symmetry. However, since the action in [3] is obtained following a consistent procedure, there
is no room for introducing into it new terms by hand (except for those which fall beyond the
scope of the derivation, like terms involving the Christoffel connection). Therefore, to address
the issue or covariance of scalar couplings in [3], an approach like the one followed here becomes
indispensable. It not only yields a covariant expression, but also highlights the existence and
importance of matrix-valued coordinate transformations.
To summarize, the above discussion leads to the following picture of the relation between
GCT covariance, matrix-valued transformations and T-duality in the worldvolume theory:
• The complete non-Abelian worldvolume theory has an enlarged symmetry group consist-
ing of matrix-valued coordinate transformations (MCT) which contains ordinary general
coordinate transformations (GCT) as a subgroup. The general structure of MCT and
how it includes GCT has not been specified. Issues pertaining to this type of enlarged
symmetry has been considered in [5, 6].
• One can now fix a gauge using MCT. The Dp-brane action obtained by T-duality in [3]
is in fact in such a gauge (explicitly, this involves fixing the static gauge for XM and
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then using MCT to transform away the non-Abelian scalars φµ keeping φi). Since MCT
contains GCT, gauge fixing the former also fixes the latter.
• A gauge that is fixed using MCT can only be undone by a matrix valued transformation,
and not by a GCT alone. Therefore, if we disregard the possibility of matrix valued
transformations, then expressions in this gauge seem inconsistent with general covariance
since they cannot be obtained from covariant expressions by choosing a GCT gauge.
• This is the case with the non-Abelian worldvolume action of [3]. The possibility of matrix
valued coordinate transformations is not evident from the action. However, worldsheet
considerations indicated the existence of a specific matrix-valued transformation which
is the one needed to undo the MCT gauge fixing and hence render the expressions GCT
invariant.
One may regard the combination XM + φ¯M or XM + φ¯′M as a matrix valued coordinate
and formulate MCT in terms of this. This is the approach followed in [5] in the context of
D0-branes. Also see [6] with emphasis on non-Abelian branes within branes. In this approach
the understanding of ordinary general covariance becomes more involved. Here we follow a
more conservative approach of treating XM and φM separately to make the GCT manifest.
5.3 Coupling to RR potentials through Clifford multiplication
Before ending we will briefly comment on the coupling of charges carried by D-branes to back-
ground RR-potentials, as contained in the Chern-Simons part of the worldvolume action. It
is well known that in the absence of the scalar field excitations a Dp-brane carries charges,
besides its own charge, corresponding to smaller branes on its worldvolume [24]. These charges
couple to background RR-potentials through exterior multiplication of forms which provides
an elegant description of the couplings.
The couplings get modified in the presence of non-Abelian scalars as found in [1, 2, 3].
Physically this implies that Dp-branes can also carry charges corresponding to larger branes.
The couplings of these new charges to RR-backgrounds now also involve contractions and are
no longer described by an elegant exterior multiplication. It is desirable to find a unified
description of these couplings that replaces the exterior product. In [30] it was shown that
such a unified description is provided by the Clifford multiplication of forms. However, the
details of the formalism were not fully satisfactory: Clifford multiplication can be regarded as
a multiplication of Dirac gamma matrices. Since the results in [3] were based on T-duality, it
suggested the use of gamma matrices associated with the T-duality group which do not have
a very natural meaning in the theory. Thus, while this correctly reproduces the couplings, the
formalism is tied to a specific gauge.
It is much more appealing to base the Clifford multiplication on the usual space-time gamma
matrices that naturally occur in the theory. These are also suggested by worldsheet consider-
ations. However, their use leads to the presence of extra terms in the action, not included in
[3]. One can check that these extra terms are precisely the ones needed to complete the gauge
fixed action (involving couplings of the form (82)-(84)) to the one consistent with covariance.
As we have seen these terms in fact do exist. Therefore a covariant description of the D-brane
coupling to RR-backgrounds is provided by Clifford multiplication as in [30], but associated
with the space-time gamma matrices.
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6 Conclusions
In the first part of this paper (section 2 to section 4) we consider the N=1 open string worldsheet
theory in general non-constant backgrounds and give a unified description of D-brane boundary
conditions and boundary couplings in terms of a set of four boundary “vectors”, N (X), N (ψ),
D(X) and D(ψ). The complete set of boundary couplings are constructed for the bosonic and
N=1 Abelian and non-Abelian theories, consistent with supersymmetry, T-duality and general
covariance. One aspect of these couplings is that, when written in a manifestly covariant
form, the gauge field always appears in the combination AM + φ
LBLM . In the N=1 case,
the invariance of the boundary action under the NS 2-form gauge transformation can be made
manifest by adding to it a term − i
4
Dα(ψ)N
(ψ)
α that vanishes by virtue of the boundary conditions.
The presence of this term is crucial to insure that the scalars φM can still be interpreted as
infinitesimal coordinate shifts. This also holds in the non-Abelian theory provided the shift is
correctly interpreted, for example in a gauge that sets the gauge field to zero at the point under
consideration.
One obvious use of these couplings is in the calculation of terms in the worldvolume action,
which is not the aim here. Rather we investigate the behaviour of the scalar couplings under T-
duality and note that they behave exactly as in the Dp-brane worldvolume theory. In particular,
the non-Abelian scalars exhibit the same apparent incompatibility with general covariance.
However, on the worldsheet boundary this has a simple resolution due to an invariance that
allows us to shift coordinates by appropriate matrices. It is then clear that the same symmetry
should also operate in the D-brane worldvolume theory, rendering it consistent with general
covariance, although its existence is not evident from the known form of the action.
The resolution of the apparent inconsistency of non-Abelian scalar couplings (as obtained
by T-duality in [2, 3]) with general covariance is then based on the following picture: The fully
covariant non-Abelian worldvolume action should also be invariant under a set of matrix-valued
coordinate transformations (MCT). The action obtained by T-duality appears in a fixed MCT
gauge, in which the components φµ of the scalars are gauges away. This looks incompatible
with covariance since this gauge fixing cannot be achieved or undone by a general coordi-
nate transformation. The resolution therefore lies in the existence of MCT and the particular
transformation required to undo the gauge emerges from the worldsheet considerations.
In this paper we have taken the conservative approach of not combining coordinates XM
and scalars φM into non-Abelian coordinates, as that would complicate the understanding of
general covariance which was our main concern. Once the minimum requirement of general
covariance is insured, one can take this approach and study the problem on the lines of [5, 6].
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Appendices
A Supersymmetry conventions
We use the following conventions for the N=1 supersymmetry on the worldsheet parameterized
by σ± = 1
2
(τ ± σ). The bosonic field XM and the fermionic fields φM± are combined into the
superfield XM + θ+φ+ + θ
−ψ− + θ
−θ+F . The supercovariant derivatives are D± = −∂/∂θ± +
i θ±∂±. The supersymmetry variations take the form,
δsusyX
M = −ǫ+ψM+ − ǫ
−ψM− ,
δsusyψ
M
± = −i ǫ
±∂±X
M ± ǫ∓FM ,
δsusyF
M = −i ǫ+∂+ψ
M
− + i ǫ
−∂−ψ
M
+ .
Now consider the superfield, L = EMN(X)X
M
X
N = LX + θ
+L+ + θ
−L−θ
−θ+LF . From the
supersymmetry transformation of the F-term, we have
δsusyLF = −i ǫ
+∂+L− + i ǫ
−∂−L+ .
The worldsheet action (1) is written as a sum of two parts S = SΣ+S∂Σ. The first part involves
the Lagrangian density
∫
dθ+dθ−L = LF and therefore its supersymmetry variation is,
δsusySΣ = −i
∫
dτ
(
ǫ+L− + ǫ
−L+
)
|∂Σ .
Adding this to the supersymmetry variation of S∂Σ leads to δsusyS in (7).
B Index Conventions
Capital letters from the middle of the alphabet K,L,M,N label 10-dimensional space-time
indices. α, β denote worldvolume indices and aˆ, bˆ correspond to flat normal frame indices. In
the static gauge, the space-time coordinates identified with the brane worldvolume coordinates
are labeled by µ, ν, · · ·, while the coordinate not along the worldvolume are labeled by i, j, · · ·.
The letters a, b denote gauge group generators.
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